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Abst rac t - -We prove that the d-dimensional hypercube, Qd, with n ---- 2 d vertices, contains a 
spanning tree with at least 
1 log 2 n o n -t- 2 
leaves. This improves upon the bound implied by a more general result on spanning trees in graphs 
with minimum degree 5, which gives (1 - O(loglogn)/log 2 n)n as a lower bound on the maximum 
number of leaves in spanning trees of n-vertex hypercubes. (~) 2001 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
Given an undirected graph, G(V, E), the problem of finding a spanning tree, T, of G with the 
maximum number of leaves is NP-hard  [1]. Although approximation algorithms that can find 
solutions within a constant factor of an optimal one have been discovered [2-4], it is known 
that the problem does not admit a polynomial time approximation scheme unless P = NP [5]. 
Kleitman and West [6] have shown that any n-vertex graph with minimum vertex degree 5, has 
a spanning tree containing at least (1 - O(logS/5))n leaves. In general, the bounds proved in [6] 
are applicable only in the case that the value 5 is sufficiently large, however, for the d-dimensional 
hypercube on n = 2 4 vertices, in which all vertices have degree d, these results give a lower bound 
of (1 - O(log d/d)n on the maximum number of leaves of a spanning tree. In this paper, we obtain 
an improvement of the Kleitman and West lower bound for the special case of hypercube graphs, 
which demonstrates that such graphs have spanning trees with at least (1 - 2/d - o(1/d))n + 2 
leaves. 
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2.  PREL IMINARIES  
If v and w are d-bit binary strings, the Hamming distance, H(v,w), is the number of bit 
positions in which v and w differ. 
The d-dimensional hypercube, Qd, is an undirected graph on n = 2 ~ vertices. Each vertex is 
uniquely identified by the d-bit binary expansion of some integer v E {0, 1 , . . . ,  n - 1}. An edge 
connects two vertices v and w if H(v, w) = 1. 
A dominating set of a graph, G(V, E), is a subset U of V such that  every vertex v c V either 
belongs to U itself or is adjacent o a vertex in U. The following is well known from the theory 
of error-correcting codes (see, for example, [7,8]). 
LEMMA 1. For d = 2 k - 1, the d-dimensional hypercube, Qd, has a dominating set containing 
exactly 2d / ( d + 1) vertices. 
COROLLARY 1. Let d = 2 k - I and Cd = {el ,c2, . . .  ,cs} be a dominating set in Qd where 
s = 2d/(d+ 1). 
(a) H(ci, cj) > 3 for all i # j. 
(b) The subgraph of Qd with edges U~=I {(ci,v) : Yv such that H(ci,v) = 1} is a spanning 
forest Of Qd comprising exactly 2d/(d + 1) trees each with d leaves. 
PROOF. (a) Let Ni = {v : H(c~, v) < 1}. Since Cd is a dominating set, the number of vertices 
in the set [-J~=l N~ must be at least 2 d. For each i, ]Ni] = d + 1, i.e., the vertex c~ and its 
d neighbours, and so since s = 2d/(d + 1) and Cd is a dominating set in Qd, it follows that  the 
Ni sets are disjoint. Thus, it cannot be the case that c~ and cj are adjacent (H(ci,cj) = 1) or 
that  they have a common neighbour (H(c~, cj) = 2). Hence, for all 1 < i < j < s, we have 
H(ci, cj) > 3 as claimed. Then (b) is immediate from (a). | 
LEMMA 2. Let d = 2 k - 1 and Cd = {cl ,c2, . . .  ,cs} be a dominating set of size s = 2k/(k + 1) 
in Qd. The subgraph Gd Of Qd formed by deleting the vertices in Cd and their incident edges is 
a connected graph. 
PROOF. It is sufficient o show that  if u and w are two vertices not belonging to the set Cd, then 
there is a path between them that does not contain any vertex in Cd. Consider any vertices u 
and w of Qd. Since Qd is connected, there is certainly a path between u and w in Qd. Let 
this be P(u, w) and without loss of generality, suppose that it contains the vertex 0 and that 
0 E Cd. Let (ino, 0) and (0, out0)be  the two edges incident to 0 in P(u, w). It must be the case 
that  in0 = 2 i and out0 = 2 j, both of which are adjacent to the vertex mid0 = 2 i + 2 j in Qd. 
From Corollary l(a), mido ~ Cd since 0 E Cd and H(0, mid0) = 2. So the path P(u, w) can be 
amended by replacing the edges (in0, 0) and (0, out0) by the edges (in0, mid0) and (mid0, out0). 
Any remaining vertices on the new path which belong to Cd can be dealt with in a similar manner. 
It follows that  we can form a path between any two vertices that are not in Cd without using 
any vertex in C d. | 
3. CONSTRUCTING LEAFY  
SPANNING TREES OF  HYPERCUBES 
Let n = 2 d and L(n) denote the maximum number of leaves in a spanning tree of Qd. 
THEOREM 1. For aI1 n = 2 d, 
n+2.  L(n) > 1 log 2n n °.5log 2n 
PROOF. Let r be any integer such that  r < d and r = 2 k -  1 for some k > 1. Consider 
partit ioning Qd into 2 d- r  disjoint copies of Qr. We denote these copies by Bi where 0 < i < 2 d-r  
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so that the d-bit label of a vertex assigned to Bi has the form wbi where w is an r-bit binary 
string and bi the (d - r)-bit binary representation of i. Let {cl, c2,. . .  , c~} be a dominating set 
of size s = 2~/(r + 1) in Q~. Consider the subset 
Di = {Clbi, c2bi, c3bi,..., csbi} 
of the vertices in the r-dimensional hypercube Bi. From Corollary l(b), each Bi contains a 
spanning forest having exactly 2~/(r + 1) trees, each with exactly r leaves, and the nonleaf 
vertices in the forest spanning Bi are the vertices in Di. Taking all of these components together 
gives a spanning forest of Qd containing exactly 2 d-~ 2~/(r + 1) = 2d/(r + 1) components each 
having exactly r leaves. 
Now consider the 2~/(r + 1) subsets, Fi, of the vertices of Qd, 
2 r 
F~ = {c~v:0 < v < 2 d-~} 1 < i < - -  
- - - r + l '  
i.e., the subset Fi consists of those vertices whose d-bit binary label has the first r bits corre- 
sponding to the vertex ci in the dominating set of Q~. 
The vertices in Fi form an instance of Qd-~. Let {(vj,wj) : 1 <_ j < 2 d-~} be the edges of 
any spanning tree in Qd-r (so that vj and wj are (d - r)-bit binary strings). We can reduce the 
number of components in the spanning forest of Qd formed earlier by adding to it all edges in Qd 
of the form 
civj, c iw j ) : l< i< 1 <j<2 d-r  
- - r + l '  - 
This gives a spanning forest of Qd containing exactly 2~/(r + 1) trees each having exactly r2 d-~ 
leaves. From the construction developed so far, for each of the 2~/(r + 1) vertex labels in the 
dominating set {cl, c2,..., c~} of Q~, there is a tree containing (r + 1)2 d-r vertices. The vertices 
in the tree Ti associated with ci are all those whose d-bit label belongs to the set 
{piq : H(pi,ci) _< 1 and 0 _< q < 2d-r} , 
i.e., the first r bits in the label correspond to the vertex ci or one of its r neighbours in Q~. 
It remains to connect these 2~/(r + 1) components into a single tree. Prom the description 
above, of the vertex labels in a single component, it follows that each of the vertices 
2 r 
{c10, c20, ca0 , . . . ,  csO}s- 
r+ l '  
which are in the set, B0, formed by the original partition of Qd into 2 d-r instances of Q~, are in 
separate components. 
It  would, therefore, suffice to add appropriate dges between vertices in B0 to connect ogether 
the different components. Since all of the edges of the form (ci0, w0) in B0 (where w is r-bits in 
length) are already being used in the spanning forest of Qd built so far, it must be shown that it 
is possible to add 2~/(r + 1) - 1 edges between vertices which are leaves in B0 in order to form a 
spanning tree of Qd. From Lemma 2, however, the subgraph of B0 formed by deleting the vertices 
{Cl0, c20,...  , c80} is connected and so we can form a spanning tree of the remaining vertices. 
Within this tree, we need only select those edges that connect different Ti components. Each 
of the 2~/(r + 1) - 1 edges added at this stage can connect at most two leaves in the spanning 
forest of Qd, and so the final stage can reduce the total number number of leaves by at most 
2r+l/(r  -t- 1) - 2. 
The number of leaves in the spanning tree of Qd that has been described is at least 
r+ l  + 2. (1) 
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Rearranging the expression in (1) and recalling that L(n)  is the maximum number of leaves 
possible in a spanning tree of Qd (where n = 2d), we obtain 
(1 - 1 + 2r+l-d~ 2d 
L(n)  >_ r+ l  ] + 2. (2) 
% 
This is valid for any value r < d such that  r -- 2 k - 1 for some positive integer k. If r is chosen 
as the largest possible value satisfying these conditions, then d -- r + (~ where 1 < ~ < (d + 1)/2 
(the upper l imit occurs in the case when d has the form 2 k - 1, in which event r = 2 k-1 - 1). 
Subst i tut ing d - c~ for r in (2) gives 
I A- 2 l-a ~ 2d 
L(n)_> 1-  d+l -c~]  +2.  (3) 
For 1 < (~ < (d + 1)/2, basic analysis hows that the coefficient of 2 d in (3) is bounded below 
by 1 - 2/d - 4/(d2d/2), giving the final expression, in which we write n °'5 instead of 2 d/2 and 
log 2 n for d, as 
n+2 L(n)_> 1 log 2n  n °.5log 2n  
as claimed. | 
There remains a small gap between this lower bound and the upper bound on L(n)  given in 
the following. 
THEOREM 2. For all n = 24, with d >_ 2, L(n)  <_ (1 - 1/log 2 n)n. 
PROOF. Let T be a spanning tree in Qd having L(n)  leaves. Let X be the set of vertices of T 
such that  each vertex in X is adjacent to a leaf in T. Since every vertex of Qd has degree d and T 
is a connected graph, we have L(n)  <_ (d - 1)IX]. From the definition of X,  IX] = n - L(n) .  
Hence, we have 
L(n))  <_ (d - 1) x (n - L(n))  
leading to ( 1) 
- -  no  L(n)  < 1 lo~ 2n  
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